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Variational Stochastic Procedure for Broken
Symmetry Phase and Fermionic Fields

A. Bérard' and Y. Grandati'
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Stochastic quantization of the O(N) @*-field theory is studied in the broken
symmetry phase by a variational approach. The resulting integral equation is
solved analytically to any order in 1/N expansion. This method is adapted to
fermionic models. In particular, an analytic fermionic toy model is introduced in
D = 0 and we argue that the D-dimensional case is directly accessible in this way.

1. INTRODUCTION

The stochastic quantization method, introduced by Parisi and Wu [1],
gives quantum field theory as the thermal equilibrium limit of a hypothetical
stochastic process with respect to a new variable: the stochastic time. It
provides a framework in which most of the usual techniques in quantum
field theory can be used, such as perturbation expansions or dimensional
regularization. It also enables us to develop specific treatments for the quanti-
zation of nonperturbative solutions, for instance, the stochastic quantization
of instantons in the sine-Gordon and ¢* models [2].

On the other hand, Ito and Morita have introduced [3] a stochastic
Schwinger—Dyson equation which in the equilibrium limit produces the ordi-
nary Schwinger—Dyson equation. The aim was a new approach to studying the
spontaneous breakdown of symmetry of the ¢, Goldstone, and Nambu—Jona-
Lasinio models.

This stochastic process also can be described by a Langevin equation,
which is a parabolic differential equation involving a random source function.
In this context, we have shown that, for O(N) scalar field theory, a variational
solution of this equation can be built recursively by a 1/N expansion [4].
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Our goal in this paper is to examine the spontancous symmetry-breaking
phenomenon in the framework of this variational procedure. In Section 2 we
recall briefly the essential features of stochastic quantization and we introduce,
through the example of free boson theory, the calculation of the two-point
Green function in stochastic quantization by using integral kernels. The study
of the O(N) ¢*-model with symmetry breaking is done in Section 3; we find
again the usual behavior of the standard theory in the large-N limit. Then
we introduce the variational approach and give a method for calculating the
higher orders in 1/N. After introducing an analytic fermionic toy model,
which we are able to treat using the variational approach, we finally discuss
in Section 4 the possibility to extend this variational process to the study of
more elaborate fermionic theories.

2. USUAL STOCHASTIC QUANTIZATION

In stochastic quantization a fictitious time ¢ is introduced and the fields
of the theory are supposed to satisfy a Langevin equation in this new variable.
For a field ¢ in a D-dimensional Euclidean space, this equation is

ooix. 1) _ _ _OSe[d]
ot 0di(x, 1)

+0i(x, 1) (D

where Sg[¢] is the Euclidean action of the theory and 0;(x, 7) is a Gaussian
white noise field satisfying

®:(x, D)o = 0 ,
®ix, 00,0, )0 = 28°Cc — x') 81 — 1) &y, 2)

The generalization of these formulas is Wick’s theorem:

2n 1 n
<IH 0(xi, ti)>5 = p;zm ./];[ OCei-1) trei-1)Ye O, ta))e

= HI(OCy, 5)8(xi, 1))o)

where S, is the permutation group of n elements and Hf(M) is the Hafnian
of the matrix M.
Therefore the stochastic expectation value of a function F[0] is given by

(F[0]) = J DO F[0] exp [— i J dPx 92(x):|

Let us study the simple example of the free boson theory. The corresponding
action, extended in the fictitious time, is
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Se[¢] = J dPx dt oi(x, HA(x — »)d;(», 1)

where Ay(x — y) = (O + m?) 8° (x — )8y
The general Langevin equation can be equivalently rewritten with the
introduction of an integral kernel:

—‘m’—’l dezc,(x y)g‘amw(x )

J d"y d"z Ky(x, p)Ai(y — 2)0u(2) + 6i(x, 1) (3)
under the condition that the noise correlation is modified as follows:
©i(x, 00;(x", ")) = 2Kif(x, x") 8(t — 1')

If we take Ki,; (x, y) = [Aj(x — »)]~', Equation (3) simplifies to
doux. ) _ —0;i(x, 1) + 0i(x, 9

4
o 4
Its solution is then clearly
5_(2,-:%,_1‘) = dt’ exp[—(t — )] 0i(x, ') + ce”"
0

The second term of this solution disappears in the equilibrium limit. The
correlation functions are readily obtained by using

©,(x, 08", )0 = 20 + mHS(x — x)3(1 — )3,
For instance, we have

, Do — N
Hm@x, HOC, 10 = | p 2

We finally see that, with this trick, all the specific information about the
theory (e.g., its free propagator) is completely contained in the expectation
values of the Gaussian noise. We shall use this approach extensively in the
rest of the paper.

3. SYMMETRY BREAKING IN THE O(N) ¢*-MODEL
3.1. Simplified Large-N Limit

In this section we extend the variational method discussed in refs. 5 and
6 to models presenting spontaneous symmetry breaking. It is shown that in
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this large-N limit, the Langevin equation of stochastic quantization offers a
direct and simple way to determine the mass gap of the theory.
The Euclidean “stochastic” action of the O(N) ¢*-model reads

S[e] = J dPx dt [% Oud(x, 1) Oud(x, 1) + %mz(l)z(x, )

o
At r)] g

where

N

0% ) = 3 0iCx il 1)
The Langevin equation is

GO — (04 i ) — T 0 0 ) + 0 ) (6)

Let us rewrite the field ¢, in the form
Gi(x, ) = 0N Sin + §i(x, 1) (7)

where o is a constant.

Without loss of generality, we can make the hypothesis that the possibility
of symmetry breaking occurs only on the direction of the Nth component.
Using (3.3) in the Langevin equation (3.2), we obtain

a—(ﬂgt&—’lz —(=00 4+ m? di(x, 1)

@V 9 0+ 20N 0 + B )

—(m?* + ﬁv(azN-l- 6% + 2oc\/JTf) o \/N Siv + 6i(x, 0)(8)

If we are looking for the strict N — o limit, we can use the factorization
property of Migdal [7] and Witten [8]:

lim ¢(x, 1) = (§(x. )0 = o() ©)

Therefore, in this large-N limit and at equilibrium, we find
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oo _ [ y, A
ot [D+ +3'N

(03N + 00 + 200~/N G, z))] bi(x, 9

+ _ (OL()N + oy + 2\/& OL0(|~)N(X, l‘)):|OL0 \/ES[N

3IN
+ 0i(x, ?) (10)
where
oy = lim o
N (11)
o = lim o(?)
1—>©

Two possibilities occur:
- If ap = 0, equation (3.6) gives
d’p N

}/i_{go((l)f(x(l)f(X)) = 060 = @emn)? p? + m* + (M3IN)oy (12

with

So=m?+ 2= (13)

Combining (3.8) and (3.9), we then have

Eo—m +_ 1

3IN (2n) PP+ 2 14

This is the well-known gap equation for the model under study.
If g # 0 and m*> + (M3IN)(@FN + 6o + 200 j—[ N n(x, 1)), equation
(3.6) becomes

a_ql’é%_tl = (I;[(X, t) + 91-(x, t)

Then %o = 0.
We can remark that, since

2 x 3! (o]
of + == dn(0)g + T m? + =0
0 \/X](I)N()o 3" N

. _ 2 MO) _[(3L) 5, o
ie., oy = \/N(I)N(O)i \/5%2_Z I:()L)m + N:|

in the case where (|~) ~(0) = 0, we find
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2 — _ RIS LDLL
(o (km +J(27T)Dp2)

At the initial point we have af = — (3!/A) (m*> — m?2) where
mi= — 3! LDL L
‘ L enPp?

This result is consistent with the well known Mermin—Wagner theorem,
which, in D < 2, forbids a phase transition with continuous symmetry break-
ing [9].

It is important to note that in this large- NV limit, the internal and external
symmetries are broken at the same critical point

3.2. Variational Approach
Equation (2.1) can be rewritten in integral form as
6Sint
dix, = | d®’xdt G2(x — x'; t — )] Milx, 1) — )V_E['(l)']_
8¢i(x', 1)
Let ¢!*°)(x, 7) be a trial field depending upon a set of parameters {a, G},

where o is a constant parameter and G(g) a functional parameter. Then,
minimizing

Vo, 6] = 1im<Tr|:(|)£°‘"’](x, H — J dP x dt Gu(x — X't — 1)
o, OSEe]
: (9i(x O h dbi(x', f’))]>e
= (T} v, 0di(x, Do (15)

for all {a, o} leads to the best variational answer for a given choice of
i [4].

Equation (6) is expressible in momentum space with the introduction
of an integral kernel, as in Section 2:

00:(p. ) A 1
- T O ’t -
ot ¢i(p, 1) 3INp? + m?
dDg dPk

(ZTE)D (ZTE)D ./(q’ t)(l)/(k’ t)(l)l(p - q + k’ t) + 91’(]7’ t)

with
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_(_17_19_160_”6”

©i(p, 1) 9_/(]7 ) = +m

(16)

For studying the symmetry-breaking phenomenon, the variational field will
be taken in the following form:

—+0o0

0% (x, 1) = adiy NN (p) + J dt Go (0; 1 = 1) 0i(p. 1)

—o0

= adix [N 8%(p) + 01 (p, 1)
where G,(0; 1t — ') = 0(t — ') exp[ —a(t — ¢')]. We then arrive at

. o6 o.c _ &.#
lim (917 (x, ) $I*x, ) = N[ Sl e m2]

and (|~)l- (p, ©) is written as

- A 1 d% d’q (7 ,
bip, =01 (p, ) + 3 DJ ' G(0; t — 1)
0

3INp? + m? | 2n)P (2m)

X O™ (g, 1) 9} (e, 1) $1*N (p — g + K, 1)
After calculations, the variational potential is obtained as

Via, o]
(4" _ 2\ A 1
_J(zn)D[l 6(p)+(1+ )3,1) 2

) 4"k 1 ’
X (O‘ + J Qn)° (k> + m?) G(k))]

X {o(p) [1 +a(p)] (p> + m*)}™!

A 2\ [ d% 1 ’
[1+3m2 (“ +(1+ )J(zn) 5 +m>c(p))]

4 D D
Aoh 1) ([ p/Cm)”
+4ah(1_1)J d’pl(n

31 N (p2 + mz)G(p)

A2 2 d’p 1
+ =1 += -
(3!)2N( N) Q2m)° p? + m?

% dP 30’
[ 2m)” (¢ + m)[(p — 9)* + m*lo(q)
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1
X
o(p — gl +o(g) +o(p — 9]
d’q _dPk 1
em” em)” (¢* + m*)(k* + m*)o(q)o(k)

|
X
op—q+hl(p—qg+k+m7]l +6(q)+6(k)+6(p—q+k)];|
(17

« In the large-N limit the preceding result becomes

. _ LDL L;
1 V = +
Nl_r>rolo [a, o] (ZR)DI: colp 31 p+ m?

2

d’k 1
2
X (a + J (27)° ok (k> + mz)):|

X {oo(p)(p* + m?) [1 + oo(p]} ™

2
2 )\' 2 le? 1
" °°°[ S’ (‘“ " J Q) op)(p + mz))] )

Taking X(p) + p> = o(p) (p* + m?), we have

. _ dD ) L 2 de #
lim V[o. ] —p—(m)p [m 20(p) 3, (“0 + J Q)P k> + zo(k))]

XAlp? + So(pl(p> + m)p* +m* + Zo(p)]} !

2
5 A 5 d’p 1
+°°°[ 31m? (OLOJFJ(zn)DpZJrzo(p))] (1)

After minimization with respect to the parameters oy and Gy, we obtain in
the same way as before:
o If oy = 0, then

2

1

Zo(p) = Zo=m? +_J(2n) 5,74 3,

o If oy # 0, then
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3l

o= 2 2
2’ p ), o mo)

| 2 D
Eo=0andoc(2)=—3';n —Jd %

3.3. Calculation of Higher Orders in 1/N

By the same iterative procedure as in ref. 5, we can deduce an integral
equation for higher order corrections in 1/N. Let us put

{a1 = a,

ax(q) = X(q)
_ mac [ ' ' O Vila;
V(a:) ’;0 (N) Vilail, n[a] 3 4i(q)

The minimization equation is written as

: ammm] ~
J(ZTE) z n [( ) F{1[a0(q)]

In our case, it corresponds to the following system

Ila. X d’r Vo, X -
el ool |, | an? 21 55 8 o, Fulq)
$=%0 $=%0
PVfa. X dPr PVla. 2] e
‘“mwﬂmq% (m)? “)&maﬂma% Fia)
0

In the following, we will be only interested in the asymmetric phase, the
symmetric phase having been already studied in ref. 5. We then have

3! dPr 1
=—=m>-|—— Yo=0
0 P 2 )P p? 0

After calculations, the preceding system takes the form

J(z ) n(”)C(”) -

_COC% + ()\')EM(Q)D(Q) + J on ) n(”)E(q’ r)=G(q)

where F and G (g) are variable functions of Fi(g), and

Aoz —

D@ =5 st 00
T+ my (m?
- o _ 3 A
A—D+m4 C(q) kD(q)+ 4
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3! !g! ! )
E(q’ t) - I 4
r q
Finally, we obtain
»_ 1] d’r
(5 P J(ZTE)D En(”)C(Q) + F:|
with R
([ dr D(r) _
En(q) ] Qn ) En(”) = H(q)

where H(q) depends on G (¢) and F. To solve the last equation, it is sufficient
to pose

. dPr D(r)
a= 7 (1)

(2m)

Then X.(q) = H(q) + a, where

d®r d’r_D(r)
= H 11— "3
“ { 2m)? (’)}/ { Qn)? 4 }
a is well defined and positive, since

o 1 d’ p>+m® | 3m’
A=D+_(21=__4|: r _p m i m:|
m

m Q2mn)? (p* + m?)? A

is negative.
Hence we have shown that it is possible to determine successively all
the coefficients of the expansion of o, and X,(¢) up to a given order in 1/N.

4. TOY FERMIONIC MODEL

The extension of the variational scheme to fermionic theories is not
trivial on many points. To see the possibilities of applying this procedure
and also its limitations, we restrict ourselves to the study of a zero-dimensional
toy model.

4.1. Analytic Toy Model

Let us considerer a fermionic model in D = 0 with an interaction term
of the O (N) Gross—Neveu type. Its Euclidean action is
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— — pA—
AT e e (% (20)

Introducing an auxiliary field ©, we can integrate over the fermionic fields.
Then the partition function takes the following form:

+o . N
oo [Lommorenl o) coffg] w2

(21)
where Hy is the usual Hermite polynomial of degree V.
The correlation function is
L gy = L 02z _ 2Nty s(itmi) N[ o
N N om g H—ilmlg)V)

Note the clear relationship between these results and those obtained for the
O (N) @-theory in zero dimension [4], where the Hermite polynomials are
replaced by Hermite functions. The fact that in the present case the partition
function is expressed no longer as an infinite serie in g but as a finite
polynomial in the same variable is a direct consequence of the properties of
the Grassmann variables.

4.2. Simplified Large-N Limit in Stochastic Quantization

Starting from the preceding Euclidean action extended in fictitious time

— — 2
.9 = [ a [m Voun — £ @y 23
v

we find the Langevin equations satisfied by the fields \ and

U, 2
AL — () + £ B0 + 100
() _ @4

— P — —
B = )+ GO + ()

The fluctuating noises M;(#) and M:(7) have to be understood as Grassmann
variables, with correlations
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———variational 1/N

0,0 0,5 1,0 1,5 20

log (@)
Fig. 1.

MM () = 28t — )8 () = MMy = 0

where the spinorial indices have been omitted.

The direct construction of a variational stochastic potential as in the
bosonic case is no longer possible. Indeed, the necessary positive-definiteness
of the potential is not always ensured because of anticommutativity properties
of the trial fields.

To avoid these problems we will introduce an auxiliary field [6], which
allows us to lower the degree of nonlinearity of the equation. The action is
then written as

SHV. U, o] = sz [mﬂ-(t) V(o) + f o3(1) — ﬁ(r)%(r)o(r)] (25)

and the corresponding Langevin equations take the form
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(1) g
(55, = —mu + 5 o0 + (1)

aﬂa"—t(—tl = — mﬁ'(l‘) + ic(t)ﬁ(t) + ﬁf(t) (26)

a%(tﬁ =3 , o)+ ‘;‘@(t)\lf_/(t) + 0(9)

with (c;(H)o; (¢ ))9 20(t — t')d.
By application of the simplified large-N limit [10] we deduce from the
first equation
. - N
lim (3 Wi(OWi()) =~
o "o

where lim G(f) = Gy, and from the third equation,
N—®

g . - N
1 (VY (1) = (o}
5 lim <Z‘J!()‘Jf()> 5 00
N—®
Then 6y = —g/(m — 3g0y). Putting £y = m — 3g0y, we arrive at the
usual gap equation: 2o = m + g2/(2 o).
4.3. Variational Study
Let us rewrite the auxiliary field as two separate contributions:
o(t) = o4t) + oo, where ©p = lim (G(¢))
(—>0
N—x

Then, after introduction of “integral” kernels, the Langevin equations become

o 2
(E5E = 0+ o b0 + )

2

_\lill_lz_w(t)Jr_g/_

! 1700 o(1) Vi(1) + Mi(2) (27)
; _
Efz_mm—%+§%m%m+W0

with

20,
MM = === 8t = 1)

2800

@mmm»=%&rwv
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Now, let us construct a variational stochastic potential in the same way
as in the bosonic case. For this we choose the variational fields as

Vi) = rGa (¢ = )yn(d') dr'
0

Py =B + J Gy (1t — 1) 0(t") dt' = B + o'z

0

If we note
Ui(r) = J Gi(t — t’)(ni(t ")+ —g—/12 otP 1 (¢ )y (t’))
0 m — 5gGo

0

(1) = J G (1 = t’)[c(t’) —c0d (1) + i%“(t’)w[“] z-(t’)]
The variation potential is then defined by

| A, . A -
Viod = lim (S D = o (SO0 = Bo)ao
We have to calculate the following graphs:

o o N
o—_X—@ = 1
om — 5 g0o)
ol xlo-—N
m — 7 8Go
.gxi. = 2N )
(1 + a)(m — 7gS0)

a_ o 1 N
o_—_X—0—0 =
ol + a)(m — 5gS0)
Y Y 2
o—0 X —00—0 — 1
Il a o 1 ay(l +a + v)(m — >g0o)

Il o o 1 _ N
o 0 X o o= .
a(l + oy(m — 5 g0o)

oiog X Lo = N

(1 + o)(m — +go0)
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where the solid and dashed lines correspond, respectively, to the  and &
propagators. We finally obtain
(1 —a’ g2

I = 51 + o)m — 2gon) T NQL+ o + payim —gon 2D

4.4. Determination of the 3 and vy Parameters

As seen above, the third Langevin equation in the large NV and equilibrium
limits gives

lim (o(1)) = —

N—®

We can assert that

lim (c(1)) = lim (&P (1)) = B

N—® N—©
which gives

S S—

:G = —_—
B 0 m—%gco

In order to determinate the y parameter, we can follow the same procedure.
Knowing that for the order 1/N we have

2
lim (c(Ho(n)) P = lim S
t—®

— 0 _ 2
—»» 00(1)d0 (1)

omoy | — [bglm — Lgc0)’]

we prescribe now that
(6(Ho()? = P (HePId = 17y
and then obtain

_1 g2
Y= 1 - 1 2
2 (m — 5g00)

The only constraint we impose is the coincidence between the exact and
variational G propagators at order 1/N. Indeed, it is sufficient for our purpose
if we remember that we are only interested in the way to determine the

\/ propagator.
With this assumption the variational potential can be written as
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Via] = (g
a(l + o)(m — 5g60)
1 g’

+ 29
NG+ o+ 65/4)(m — 5g00)°(1 — 65/2) (29)

In the large-N limit we simply find oy = 1.
To obtain the next order, we use the formula

S

o = —
: OF o100l = o - 1

which gives

B (713 — c3/4)
(512 — ©5/4)*(m — 7 g60)*(1 — G5/2)

(05]
Finally, we obtain
}L‘E <§>@(r)\|f(t)>>

—1 - 1 712 — G3l4
m — g0 N (512 — o5/4)* (m — 5 g060)c*(1— 65/2)

(30)

Figure compares this result to the exact result in the case N = 3.

We observe that the variational result is considerably more accurate than
the saddle-point approximation. The exact result is between the two latter
approximations. We have reason to hope that this property will be conserved
for higher dimensional theory, because the dimensionality appears to play
only a minor role in the convergence properties of our 1/N expansion scheme,
at least for low orders [5, 6].

5. CONCLUSION

In this paper, we have extended our variational stochastic approach of
O(N) field theories to the case of asymmetric phase. The systematic introduc-
tion of integral kernels simplifies considerably the calculation of the 1/N
corrections of the self-energy for the ¢@*-model. We observe that the 1/N
corrections break the phase exclusion property which appears in the saddle-
point approximation.

For fermionic theory, we were led to introduce an auxiliary field as in
ref. 10 in order to lower the degree of nonlinearity of the initial Langevin
equation. It enabled us to avoid the nonpositive terms in the variational
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potential. The method was tested on an analytic zero-dimensional toy model,
and showed good agreement with exact results for the propagators.

The use of composite fields in order to treat the renormalization problem
will be discussed in a forthcoming paper [11]. We will show how the method
developed here enables us to obtain new information about the critical proper-
ties of the theory in both phases.

ACKNOWLEDGMENT

We would like to thank P. Grangé for his most helpful discussions.

REFERENCES

1. G. Parisi and Y. S. Wu, Sci. Sinica 24 (1981) 483.

2. Y. Grandati, A. Bérard, and P. Grangé, Ann. Phys. 245 (1996) 291.

3. M. Ito and K. Morita, Prog. Theor. Phys. 87 (1992) 207.

4. Y. Grandati, A. Bérard, and P. Grang€, Phys. Lett. B 276 (1992) 141.

5. Y. Grandati, A. Bérard, and P. Grangé, Phys. Lett. B 304 (1993) 298.

6. A. Bérard, Y. Grandati, and P. Grangé, Int. J. Theor. Phys. 36 (1997) 613.

7. A. Migdal, Ann. Phys. 126 (1980) 279.

8. E. Witten, In Recent Developments in Gauge Theories, G. t’Hooft, ed., Plenum Press, New

York (1980).
9. N. D. Mermin and H. Wagner, Phys. Rev. Lett. 4 (1960) 380.
10. A. Bérard, Y. Grandati, P. Grangé, and H. Morbach, Int. J. Theor. Phys. 34 (1995) 1915.
11. A. Bérard, Y. Grandati, and P. Grangé, Compositeness, criticality and renormalization from
variational 1/N expansion in stochastic quantization, Preprint Ipm-9740.



